EdPsych/Psych/Stat 587

C.J. Anderson
R Homework # 3

Answer Key

1. (10 points) For models (a) — (j) fit to the USA TIMSS data, write out the equation of
the model in each of the following ways:

(a) Fixed effects ANOVA

Hierarchical model :
Level 1: (science);; = fBy; + R;;  where R;; ~ N(0, 0?) and
independent.

Level 2: By; =vo+a; or [Boj=p+aq;
where j =1,...,146. The o; and o (or ) are fixed population
parameters.

Linear mixed model : (science);; = v + o + R;;
Marginal model : (science);; ~ N (yoo + o, %)
(b) ANCOVA with overall mean centered math, OCmath

Hierarchical model :

Level 1: (science);; = By; + B1;(0Cmath),; + R;;
where R;; ~ N(0,0?) and independent.
Level 2:

Boj = Yoo+
51;‘ = 710

The «;, v00 & 710 are fixed population parameters.
Linear mixed model : (science);; = vy + & + 710(0Cmath);; + R;;
Marginal model : (science);; ~ N (v + @ + 710(0Cmath);;, o2).
(c¢) Random Effects ANOVA
Hierarchical model: Level 1: (science);; = (), + R;;
where R;; ~ N(0,0?%) and independent.

Level 2: By; = o0 + Uy;
where Up; ~ N (0,72) and independent over j and with respect to R;.

Linear mixed model: (science);; = oo + Up; + Rj
Marginal model: (science),; ~ N (o0, (78 + 0?)).

(d) Null/empty/baseline HLM — Same as (c)



(e) Random intercept with math

Hierarchical model :

Level 1: (science);; = By; + Bi1; (math);; + R;;
where R;; ~ N(0,0%) and independent.

Level 2:

Boj = oo+ Uy,
51;‘ = 710

where Up; ~ N (0,7¢) and independent over j and with respect to R;.
Linear mixed model: (science);; = vy + vio(math);; + Uy, + R;;
Marginal model: (science),; ~ N ((700 + 710 (math);;), (5 + 0?)).
(f) Random intercept with OCmath

Hierarchical model :

Level 1: (science);; = By; + B1;(0Cmath),; + R;;
where R;; ~ N(0,0?%) and independent.

Level 2:

Boj = oo+ Uy,
51;‘ = 710

where Up; ~ N(0,7¢) and independent over j and with respect to R;.
Linear mixed model: (science);; = vy + v10(0Cmath);; + Up; + R;;
Marginal model: (science);; ~ N ((700 + 710(0Cmath);), (73 + 02)).
(g) Random intercept with grpCmath

Hierarchical model :

Level 1: (science);; = Bo; + B, (grpCmath)ij + Ryj
where R;; ~ N(0,0?%) and independent.
Level 2:

Boj = oo+ Uy,
51;‘ = 710

where Up; ~ N (0,7¢) and independent over j and with respect to R;.
Linear mixed model: (science);; = Yoo + V10 (grpCmath)ij + Uy; + Ry;
Marginal model: (science);; ~ N ((y00 + Y10 (grpCmath) ), (15 + 0?)).



(h) Random intercept with macro variable grpMmath

Hierarchical model :
Level 1: (science),; = By + R;;
where R;; ~ N(0,0?) and independent.

Level 2: fy; = v00 + 701 (grpMmath) ; + Uy;
where Up; ~ N(0,72) and independent over j and with respect to R;.

Linear mixed model: (science);; = Yoo + 701 (grpMmath) ; + Up; + Ri;
Marginal model: (science);; ~ N ((y00 + Y01 (grpMmath) ), (15 + 0?)).
(i) Random intercept with micro variable grpCmath and macro variable grpMmath
Hierarchical model :
Level 1: (science);; = By; + 51 (grpCmath) + R;;
where R;; ~ N(0,0?) and independent.
Level 2:
Boj = Yoo+ o1 (grpMmath) ); + Uy,
51;‘ = 710
where Up; ~ N(0,72) and independent over j and with respect to R;.
Linear mixed model :
(science);; = Y00 + Y01 (grpMmath) ; + 710 (grpCmath) ,; + Uo; + R
Marginal model :
(science);; ~ N ((700 + Y01 (grpMmath) ;) + 710 (grpCmath) ), (73 + 7).

(j) Random intercept with micro variables grpCmath, gender and grade, and macro
variable grpMmath

Hierarchical model :
Level 1:

(science);; = fo;+ b1, (grpCmath) + Ss; (gender) ;; + (35 (grade) ,; + Ry

where R;; ~ N(0,0°) and independent. Note (gender),; = 1 if boy and
= 0 if girl. The value of grade could be either (grade),;; =3 or 4, or
(grade);; could be dummy codes for grade level of the student.

Level 2:
Boj = 700+ o1 (grpMmath) ; + Uy,
513' = 710
ﬁ2j = 720
533' = 730

where Up; ~ N (0,7¢) and independent over j and with respect to R;.
All of the «’s are fixed in the population.
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Linear mixed model :

(science)i; = oo + o1 (grpMmath) ; + v19(grpCmath) ;; + 720 (gender) ;
+730(grade)ij + Uy; + Ri;

Marginal model :
(science);j ~ N(Hija (73 + 02))-

where

fij = Yoo+701 (grpMmath) ;) +710 (grpCmath) ;;+720 (gender) ;; +730 (grade) ;;

Not Required but for the sake of completeness. . .

(k) Random intercept model with grpCmath, grpMmath, grade, and gen short

as explanatory variables.
Level 1:

(science);;j = Po; + B, (grpCmath) + By, (gender)ijjtﬁgj (grade)ij—l—Rij

where R;; ~ N(0,07) and independent. Note (gender),; = 1 if boy and
= 0 if girl. The value of grade could be either (grade),;; =3 or 4, or
(grade);; could be dummy codes for grade level of the student.

Level 2:

Boj = oo+ Yor (grpMmath) ; + Y02 (gen_short) ;; + o3 (gen_short) ,;
+704 (gen_short) ;; + Uy,

Bij = Mo

B2 = 720

Bai = 730

where Up; ~ N (0,72) and independent over j and with respect to R;.
All of the «’s are fixed in the population.

Note:
(gen_short),; = 1 if “none” and 0 otherwise
(gen_short),; = 1 if “alittle” and 0 otherwise
(gen_short),;; = 1 if “some” and 0 otherwise



Linear mixed model :

(science);; = 700 + 7Yo1(grpMmath) ; + 702 (gen—_short),; + o3 (gen_short),;
+704 (gen_short) 3, + 710 (grpCmath) ;; + 720 (gender)
+730(grade)ij + Uy + Ry

Marginal model :
(science) ;; ~ N (pij, (15 + 02)).

where

tij = 7Yoo +Yo1(grpMmath) ;) + Y02 (gen_short) ;; + 703 (gen_short),;
+704 (gen_short) 5, + 710 (grpCmath) ;; + 720 (gender)
+730 (grade)

(1) Random intercept model with grpCmath, grpMmath, grade, and shortages as
explanatory variables.
Level 1:

(science);j = PBo; + B1;(grpCmath) + [By; (gender)ij + Bs; (grade)ij + Ry

where Ry; ~ N(0,07) and independent. Note (gender),; = 1 if boy and = 0
if girl. The value of grade could be either (grade),; = 3 or 4, or (grade),;
could be dummy codes for grade level of the student.

Level 2:

Boj = Yoo+ o1 (grpMmath)j + Yo2 (shortages)j + U,

513' = 710
523' = 720
533' = 730

where Up; ~ N (0,72) and independent over j and with respect to R;;. All
of the +’s are fixed in the population.

Linear mixed model :

(science);; = 700+ 701 (grpMmath) ; + o2 (shortages) + j + 710 (grpCmath)
+Y20 (gender)ij + Y30 (grade)ij + Uy; + Ry;

Marginal model :
(science);; ~ N(,Uija (73 + 02))~

where

Hij = 700t701 (grpMmath)j)+702 (shortages) ;+710 (grpCmath),;+720 (gender),;;+730 (grade) ;;



2. Summary Table (10 points)

Your answers for 4s may differ depending on which set of communities you used and

whether you used ‘third’ or ‘grade’. What will stay the same is o, 7’s, deviance

(-loglikelihood), etc.

Fixed Effects

Random Effects

# of Between  Within
Model params “Effect” vy Estimate SE 72 62 —2 loglike AIC BIC ICC
(a) Fixed Effects ANOVA 147 n.a. 78.6 50964.1 51258.1 52267.7
(b) ANCOVA 148 n.a. 52.2 48061.8 48357.8 49374.2
(c) Random Effects ANOVA 3 intercept 150.06  0.396 20.95 78.58 51489.0 51495.0 51515.6 .21
(d) Null HLM 3 intercept 150.06  0.396 20.95 78.58 51489.0 51495.0 51515.6 .21
(e) Random intercept 4 intercept Y00 62.59  1.434 6.02 52.23 48482.2 48490.4 48517.8 .10
math Y10 0.5800  0.010
(f) Random intercept 4 intercept Y00 150.2  0.223 6.02 52.23 48482.4 48490.4 48517.8 .10
OCmath Y10 0.5800  0.009
(g) Random intercept 4 intercept Y00 150.00  0.397 21.68 52.20 48646.8 48654.8 48682.2 .29
grpCmath 49 0.5671  0.010
(h) Random intercept 4 intercept Y00 14.0880 5.9224 3.05 78.62 51267.2 51275.2 51302.7 .04
grpMmath o1 0.9016 0.0392
(i) Random intercept 5 intercept Y00 14.223  5.955 3.72 52.23 48426.4 48436.4 48470.7 .07
grpMmath Ao 0.9006 0.0394
grpCmath 99 0.5671  0.0096
(j) Random intercept 7 intercept Yo  14.2364 5.9769 3.76 51.75 48363.7 48377.7 48425.8 .07
grpMmath  jo1 0.9002 0.0396
grpCmath 99 0.5528 0.0100
grade 4rd Agq 0.9253 0.1953
gender girl 430  —1.1154 0.1720
boy 0




—Summary table (continued):

Fixed Effects

Random Effects

Fit statistics

# of Between Within
Model param “Effect” ~y Estimate SE 72 52 —2 loglike AIC BIC 1ICC
(k) Random intercept 10  intercept Y00 14.74383 6.0413 3.631 51.746 48359.0 48379.0 48447.6 .07
grpCmath 99 0.55281 0.0100
grpMmath Ao 0.89255 0.0402
gender boy Y20 0
girl -1.11926 0.1720
w/ grade grade — 3rd A0 0
as.factor(grade) 4th 0.92335 0.1953
gen—short none Y02 0.88672  0.42946
a little o3 0 .
some Y 0.93189  0.63057
a lot Yo 0.96761  1.00180
Note: If you used grade as numerics then 4y and possibly 4 for grade will be different.
(1) Random intercept 8 intercept Y00 11.0335 6.1988 3.756 51.752 48363.5 48379.5 48434.4 .07
grpCmath A9 0.5528  0.01001
grpMmath Ao 0.8961  0.04056
gender boy 20 1.1156 0.1720
girl 0 .
grade 20 0.9261 0.1953
shortages Ao -0.1035 0.2254




3. (1 point) There are N = 146 schools and a total ny = 7097 total observations.

4. (3 points) Yes, it appears that we need a random effects model. Evidence for this
comes from the random effects ANOVA (model (c¢)) and the random intercept model
with no explanatory variables (i.e., model (d)):

A measure of within group dependency, the intra-class correlation,

20.95

2095

PT = 5005 + 7858

9953

21

5. (3 points) Comparison of the fixed effects ANOVA, model (a), and the random effects
ANOVA, model (c).

Some things you could say

(a) Fixed Effects ANOVA

(c) Random Effects ANOVA

Similarities

Within group variance assumption is the same; i.e.,
R;; ~ N(0,0?) and independent.

The models are linear in the parameters.

Differences

Interest is only in the se-
lected schools

Interest in the population
from which schools were
sampled (schools are “ex-
changable”)

Only source of variance is
within schools (o)

Two sources of variance:
within schools (¢?) and be-
tween schools (73)

Estimate the effect of being
in a particular school (us-
ing only that school’s data),
which is considered to be a
fixed quantity

Estimate the variance (in
the population) of the ef-
fects of being in a particular
school using all the data at
hand

Lots of parameters (i.e., 146
fixed effects)

Only 1 parameter (73)

Fixed effects account for
all the differences between
schools

Effects between schools are
random

var(Y) = o2

var(Y) = 72 + o2

6. (3 points) How are models (b) and (f) the same/different?

They both include v(0Cmath),; where v is a fixed (the same for all schools

individuals), and their similarities and differences follow those listed above.
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7. Comment on the relationship between models (c¢) and (d).

They are the same.

8. Consider models (e), (f) and (g). Based on substantive, interpretational and
statistical considerations, do you think student’s math test scores should be centered
around overall mean? Centered around the school mean? or Not centered at all?
Why or why not?

This question was put here to have you look at and think about centering using a
particular data set (before we formally discuss it in class).

Statistical Considerations: It appears that math as a micro level variable is
needed in the model based

e On the decrease in o relative to the null model when math (i.e., (math);;,
(OCmath);; or (grpCmath)ij) is included; that is, math helps to explain
within groups variability in science scores.

e The value of 41y for the math effect relative to it’s standard error is “large”.

There is no difference between models (e) and (f) in terms of their goodness of
fit to the data; that is, raw math scores and overall mean centering are
statistically equivalent. Model (g), which include group centered math scores,
does not fits worse than models (e) and (f). This results from the fact that
school differ on average in terms of their math scores, so the models with raw
math scores and overall centered math scores lead to a decrease in both within
and between group variance of the science scores.

Statistical considerations favor models (e) and (f).

Interpretational Considerations: Using overall mean centering, model (f), is
preferable over raw math scores, model (f), because the intercept of model (f)
can be interpreted as the science score of the average student’s math score.

However, group mean centering, model (g), is preferable over either raw or
overall centered math scores because interpretation of the “effect” of math on
predicting science scores is problematic; that is, there are within group
differences (which may result from one process) and between school difference
(which may result from a totally different process). Thus, by using
(grpMmath) ;, this explains just the within school process. .. of course, we’ld also
like to include (grpMmath) .

Substantive Considerations: This depends on whether we want to consider within
and between group differences separately. I tend to think that in this case, where
a student is relative to their peers is different from where a school is overall.



10.

Overall: I favor (in this case), group mean centering (you don’t have to agree with
me, but your answer should be coherent and free from error.)

Consider models (d), (f), (g), (h) and (i)? Comment on the effect on the estimates of
72 and o2 of adding math scores in the model in different ways.

This question tries to get you to look at the different effect of adding micro and
macro level variables.

Model 7A‘)2 6% Level of variable

(d) 20.95 78.58 Null model — no explanatory vari-
ables

(f) 6.02 52.23 Micro (0Cmath);;, but schools differ
systematically

(g) 21.68 52.20 Micro (grpCmath),;. Only a within
schools

(h) 3.05 78.62 Macro only, (grpMmath),;

(i) 3.72 52.23 Macro and micro

When a micro variable that varies systematically over the schools, i.e., (0Cmath);;, is
added to the model, there is a decrease in both the variance estimates within and
between groups (relative to the null model).

When a micro variable that does not systematically vary over schools is added to the
null model, there is a decrease in only the within school unexplained variance of the

science scores, i.e., 02,

When a macro variable is added to the null model, only the estimate of 73 decreases.
The macro level variable helps to explain between school differences.

When both a micro level variable that does not vary systematically between schools
and a macro level variable are included in the model, we get a decrease in the
unexplained within and between group variances of the science scores. We can also
say that the micro level variable (i.e., (grpCmath) ;) is helping to explain within
school variance and the macro level variable (i.e., (grpMmath) j) is helping to explain
the between school variance of the science scores.

Does it look like GENDER, GRADE and/or shortages of instructional supplies (entered
either as a nominal discrete or as a numerical variable) are useful
predictor /explanatory variables? Provide some rational for you answer.

For this one you should look at 74 relative to the standard error of the parameter. It
is very difficult to look just at the change in o2 or 7¢ to decide whether a variable are
useful.
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11.

Answers for this question should shy away from statements including the word
“significant” because we haven’t talked about how to statistically test this.

In looking at 4’s versus their standard errors, the effects for gender and grade look
“large” and therefore probably useful. The 4’s for shortages, whether discrete or
numerical versus their standard errors are “small” and probably are not useful.

Which is your favorite model (i.e, which do you think is the “best”). Why did you
select this model? Interpret the results of this model.

Mine was (j). It has the smallest number of parameters relative to the goodness-of-fit
of the model to data (note: the ANCOVA model actually fits better if we base our
choice only on statistics).

You should then report the model and give an interpretation; that is, boys from
school with high math scores who are also doing better on average than their peers in
math have higher science scores,. . .

science;; = 13.31114.5528 (grpCmath) ;719002 (grpMmath) ;+—1.1154(girl);;+.9253(4th),;

Boys tend to have science scores that are 1.1154 points higher than girls; students
that are 1 point higher than their peers in math tend to have science scores that are
.55 points higher; and students in schools with 1 point higher mean math scores tend
to have science scores that are .90 points higher (if you have a 10 point difference in
math between schools, this would be 9 point difference in science scores).
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